Abstract. If a polynomial skew product on C 2 has a connection between two saddles, numerical pictures show that fiber Julia sets oscillate and behave discontinuously. This phenomenon quite resembles the parabolic implosion, and we explain such behaviors of fiber Julia sets by an analogous argument as parabolic implosion. We describe limits of fiber Julia sets in terms of fiber Julia-Lavaurs sets.
Introduction
In this article, we study the continuity of fiber Julia sets for regular polynomial skew products. Consider a polynomial skew product of degree d on C 2 of the form:
f (z, w) = (p(z), q z (w)) = (p(z), q(z, w)).
It is called regular if f can be extended to a holomorphic map on P 2 . A regular polynomial skew product f can be normalized in the following form:
In the following, we always assume that a regular polynomial skew product is of the form (1).
The k-th iterate f k of f is denoted as follows:
on K p if and only if there is no relation between the saddle sets Λ Jp and Λ Ap over J p and A p respectively. In this article, we focus on the discontinuity of fiber Julia sets. Suppose that p has an attracting fixed point at 0 and that its immediate basin U 0 has a repelling fixed point β on its boundary. We also assume that q satisfies q(z, 0) ≡ 0 and the fixed points α + = (0, 0) and α − = (β, 0) of f are saddles. Define the stable set W s (α) of a saddle α and the unstable set W u (α) of the fixed prehistoryα = (· · · , α, α) of α by W s (α) = {ζ ∈ C 2 ; f n (ζ) → α}, W u (α) = {ζ ∈ C 2 ; ∃ζ = (ζ −n ) n≥0 : prehistory of ζ s.t. ζ −n → α}.
Then we have saddle connection:
It follows from [11] that the map z → J z is discontinuous at z = β. An example satisfying these properties is the map f a,b (z, w) = (z 2 + az, w 2 + 2(b − z)w) with a, b appropriately chosen. Figure 1 is the real slice of the dynamical plane of f 0.1,1.2 . Note that the map f 0,1 was first introduced in [7] and was investigated in [11] . Figure 2 represents the fiber Julia sets of f 0.1,1.2 at z = 0.899 (left) and z = β = 0.9 (right). It shows that the fiber Julia set J z depends discontinuously on z as z ∈ U 0 tends to β. This phenomenon reminds us of the parabolic implosion, which explains the discontinuity of Julia sets at maps with parabolic periodic points. Figure 3 expresses the Julia sets of the quadratic maps p c (z) = z 2 + c with c = 0.27 (left) and c = 0.25 (right).
The aim of this article is to give an explanation of this phenomenon analogously as for the parabolic implosion. In the theory of parabolic implosion, Fatou coordinates at parabolic periodic points play a central role. See, e.g., Douady [5] , Shishikura [14] or Bedford-Smillie-Ueda [2] . Instead of Fatou coordinates, we use the linearizing coordinates at saddle fixed points.
As is seen in Figure 4 , there exist orbits which first come into a given arbitrarily small neighborhood of α − alongside of W s (α − ), then eventually get away and approach α + , and finally go out alongside of W u (α + ). As the initial point gets closer to W s (α − ), it takes more time to go through a fixed neighborhood of W s (α + ) ∩ W u (α − ). These facts are analogous to the parabolic implosion and we show that, for sequences z n → β and k n → ∞, satisfying certain conditions, the sequence of high iterates Q kn zn converges to a non-constant holomorphic map g locally uniformly on W s (α − ). The limit map g : W s (α − ) → W u (α + ) is described by the linearizing coordinates and can be regarded as a Lavaurs map (Theorem 3.2). The fiber Julia-Lavaurs set J(g) is defined through g and we show that the sequence of the fiber Julia sets J zn converges to J(g) (Theorem 4.3). These theorems explain the discontinuity of fiber Julia sets at z = β. In case of parabolic implosion, Lavaurs maps are expressed by translations in the Fatou coordinates. In other words, a Lavaurs map is an isomorphism between attracting Fatou coordinate, which is defined in the stable set of the parabolic periodic point and repelling Fatou coordinate, which is defined in its unstable set. In our case, we still have a map from the stable set of α − to the unstable set of α + , but it is not an isomorphism in general, due to the existence of critical points of q z . We remark that the base variable z behaves like a parameter since we consider the fiberwise dynamics.
The plan of this article is as follows. In Section 2, we discuss the existence of the linearizing coordinates at both saddle fixed points. Sections 3 and 4 are devoted to the proofs of Theorems 3.2 and 4.3 respectively. In Section 5, we discuss topological properties of fiber Julia-Lavaurs sets for real quadratic maps.
Linearization at saddle fixed points
Consider a regular polynomial skew product of degree d on C 2 of the form (1). We assume the following properties:
(I) p has an attracting fixed point 0, whose immediate basin U 0 contains a repelling fixed point β on its boundary, (II) q z (0) ≡ 0, (III) α + = (0, 0) and α − = (β, 0) are saddle fixed points of f . More precisely, let the eigenvalues of df (α ± ) be
Let F denote the family of maps f satisfying these properties.
In this section, we investigate the linearization of f at its saddle fixed points α ± and show that the linearizing coordinates at α ± exist for almost all maps in F. Note that the linear parts Λ ± = df (α ± ) of f at α ± are diagonal:
The linearizing coordinates of f at α ± are, by definition, local holomorphic diffeomorphisms Ψ ± : U (α ± ) → U ((0, 0)) between neighborhoods of α ± and the origin such that Ψ ± •f = Λ ± ·Ψ ± , normalized by dΨ ± (α ± ) = Id. Brjuno's theorem assures the existence of a linearizing coordinate at a saddle fixed point α of f under the following arithmetic condition:
Here Ω α (m), m ≥ 2 is defined by the eigenvalues λ and µ of df (α):
See Brjuno [3] or Theorem 5.17 in Abate [1] . Put
where γ ± , ρ ± > 0. We consider the linearization problem at α − (the argument is analogous for α + ). We omit the subscript − and write (λ, µ) = (λ − , µ − ) for simplicity. We estimate Ω α (m) for m ≥ 2 from below.
Lemma 2.1. For (x, y) ∈ R 2 , we have
Proof. Since the claim (i) is easy, we show (ii). If x ≥ 0, then e x − 1 ≥ x is easy to see. Suppose
This completes the proof. □
Thus it follows
By the same way,
) .
For κ > 1, put
Thus Λ − has no resonances and the condition (2) holds:
Therefore, the linearizing coordinate exists at α − for such λ − and µ − . The same holds also at α + . It is well known that the Lebesgue measure of Γ κ for κ > 1 is equal to one (see Lemma 11.7 in Milnor [9] for example).
Lemma 2.2. There exists a subset F ′ ⊂ F of full measure such that the linearizing coordinates
Proof. By the implicit function theorem, the saddle fixed points α ± of f ∈ F are holomorphic functions in F. Therefore, so are the eigenvalues of df (α ± ). That is, the maps F ± : F → C 2 defined by F ± (f ) = (λ ± , µ ± ) are holomorphic. We show that these maps are nonsingular, i.e. of maximal rank. To do so, we parametrize the family F as follows. We may put
, which implies that F + is of maximal rank. Let us consider λ − and µ − . The repelling fixed point
Moreover,
We have
hence F − is also of maximal rank. Put
They are subsets of full measure of the subsets of C 2 defined by γ ∓ , ρ ∓ > 0 respectively. Note that a map of maximal rank is locally a projection (see Gunning [6, page 21] ). Thus the sets F −1 ± (S ± ) are of full measure in F, hence so is the set
. Therefore, for any f ∈ F ′ , the linearizing coordinates at α ± exist. Uniqueness of linearizing coordinates easily follows since there are no resonances. This completes the proof. □
. This map is inspired by Example 9.1 in [7] . If
it has saddle fixed points α + = (0, 0) and α − = (β, 0) = (1−a, 0). The maps F ± (a, b) = (λ ± , µ ± ) are of the form:
Observe that S ± ∩ R 2 for the above S ± are also of full measure in R 2 ∩ {γ ± , ρ ± > 0}. Hence by the same argument as above, it follows that there exists a subset S ′ ⊂ S of full measure such that f has linearizing coordinates Ψ ± at α ± for (a, b) ∈ S ′ .
In the sequel, we always assume that f ∈ F ′ . Note that z = 0 (resp. β) is an attracting (resp. repelling) fixed point of p with multiplier λ + (resp. λ − ). Thus p has a Königs coordinate ϕ + (resp. ϕ − ) at 0 (resp. β).
By uniqueness of linearizing coordinates, we conclude that they are skew products:
Lemma 2.4. The linearizing coordinates Ψ ± in Lemma 2.2 are of the following form:
By definition, the maps q z (w) := q(z, w) and ψ ±,z (w) := ψ ± (z, w) satisfy
Especially, in case z = 0 or β, the fixed point of p, we have functional equations:
From these, the local inverse ϕ +,0 = ψ
. We denote it also by ϕ +,0 . In the same way, the map ψ −,β also extends to the basin
These facts will be used in the following sections.
Convergence to the Lavaurs maps
In this section, we show that, under some assumptions, there exist k n → ∞ such that the sequence Q kn zn converges to a map g locally uniformly in W s (α − ). Let
− ({|µ − |r ≤ |z| < r}) be fixed fundamental domains of p around 0 and β respectively. We assume that they are small enough so that the linearizing coordinates Ψ ± are defined over A ± . Then there exists a unique sequence k
We also assume the following properties: 
Proof. We show the lemma by contradiction. Taking a subsequence, we may assume that (Q 
If there exists a sequence {k
Consider the map
By the assumption (A.1), the family of
is normal in a small neighborhood V ′ of the origin in C. We have there,
) . (5) 
By Lemma 3.1, there exists δ
The condition (4) is equivalent to the property:
Hence (3) implies (6) . If the property (3) is not satisfied, there exists a subsequence {n ′ } such that the property (4) holds for this subsequence. Then,χ
Thus (6) does not hold. The equivalence of (4) and (7) is shown by the same way. □
We also need the following lemma, which easily follows from the functional equations: (4) holds, the second term in (5) is not negligible. Note that
which is bounded from below by the assumption (Q
Step 2. For any j ≥ 0, we show the convergence of Q kn zn on q
for some i. The following holds in a neighborhood of the origin:
Since
is included in the range of ψ +,p kn−i (zn) . Hence the family {χ n,i,j } n≥0 is normal in V ′ and, for large n, we have
Step 1, in either case a) or b), it follows in m
where ξ = m σ or η respectively. It holds also in V ′ by the normality of the family {χ n,i,j } in
This completes the proof of Theorem 3.2 since j ≥ 0 is arbitrary and For a given sequence {z n } tending to β and satisfying (A.1) and (A.2), if we take its subsequence appropriately, we can find {k n } for which the assumptions of Theorem 3.2 hold. For example, if the points z n are in the same orbit of p, then p
In this case, taking a subsequence of {z n }, we can find k n so that (Q 
Thus, the condition (3) in Theorem 3.2 is satisfied. Therefore in this case we can realize g σ as a sequential limit in Theorem 3.2 a) for any σ > 0: We have x n (r) → β by definition and since p(x n (r)) = x n−1 (r), we can take k ′ n = n. Let y 0 (r) := p k (x 0 (r)). Take k so that ψ + (z, w) is defined around (z, w) = (y 0 (r), 0) and put k 
By this relation, we can extend σ to R + and we have
] .
Then σ(R + ) = R + . This completes the proof. □
Convergence to fiber Julia-Lavaurs sets
In this section, we investigate the behaviors of the fiber Julia sets J z as z tends to β. The argument in this section is inspired by Douady [5] .
For z ∈ K p , we use the following characterizations of K z and J z , which coincide with their definitions in [7] . Let K be the set of points (z, w) ∈ C 2 with bounded orbits and put
For non-empty compact sets X, Y in C, let U ϵ (X) be the ϵ-neighborhood of X and put X) ). The following are basic properties of J z and K z we will use in the sequel. (
We call J(g) the fiber Julia-Lavaurs set. This definition is much simpler than that of the Julia-Lavaurs set in parabolic implosion, because we cannot define the iterates of g. Note that
Lemma 4.2. J β ⊊ J(g) = ∂K(g).

Proof. 1) Proof of J β ⊊ J(g).
Note that J β is the usual Julia set of the polynomial q β . For any w ∈ q −n
Since the fixed point 0 is not superattracting for q β , it is not exceptional. Thus
2) Proof of J(g) = ∂K(g).
First suppose
Next suppose w ∈ ∂K(g). Then, for any δ > 0 there exists
is arbitrary, we conclude that w ∈ J(g). Thus ∂K(g) ⊂ J(g). □
Now we show the accumulation of fiber Julia sets to fiber Julia-Lavaurs sets as z tends to β under the situation in Theorem 3.2. This explains the oscillation of fiber Julia sets. 
We show the claim by contradiction. By passing to a subsequence, suppose that there exist ϵ > 0 and
Applying the above argument to each w 0 ∈ X, it follows that there exists n ϵ such that
It is sufficient to show that, if w n ∈ J zn tends to w 0 , then w 0 ∈ J(g). By the upper semicontinuity of the map 
. It is independent of k in the sense thatτ k+1 (z) =τ k (z) if both sides are defined. Suppose that the sequences {z n } and {k n } satisfy the assumptions of Theorem 3.2. Then Figure 6 are the magnifications of the corresponding pictures in Figure 5 around the origin. They indicate that fiber Julia sets J z oscillate as z tends to β. Figure 6 also shows that a small neighborhood of the origin in J z resembles that in J 0 . This reflects the fact that
. We may assume τ, σ ∈ R since everything is symmetric with respect to the real axis. The left three pictures are magnifications of those in Figure 5 around the origin. 
Proof. For any connected component P of q
−,β and these exhaust all the branches of ψ 
